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Optical systems – ideal vs. real

Ideal lens – object point -> point in the image

Real lens – object point -> smeared disk in the image

For axially symmetrical lenses object points -> circular disks (Airy disks)

From Meek, 1st ed., Fig. 1.22, p.35
and Sjostrand, Fig. IV.18, p.115



Phase:
A transparent object varies in refractive index and/or thickness, but does not 
cause amplitude changes in illumination.
A plane wave of uniform amplitude falls on the specimen and emerges with 
uniform amplitude A0 but with phase variations over the plane surface.

T(x,y) = A0exp[iφ(x,y)],  for simplicity A0 = 1
Assuming that the object is thin and the phase shift φ is small (φ<<1),
the emerged wave can be described  as

exp [if] ≈ 1+ iφ , weak phase object;
then T(x,y) ≈ 1+ iφ; Observed intensity T2(x,y) = 1 – φ2 ≈ 1

Amplitude:
T(x,y) = Aexp[iφ(x,y)]; A varies, linear contrast transfer; 

even small variations are visible

Phase vs. amplitude contrast
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Amp(im) = unscatt +(-) scattAmp(im) = √(unscatt2 + scatt2)



Phase plate
(phase -> amplitude contrast conversion)

Phase contrast Amplitude contrast

Δ = ¼ λλ



R. Schröder.

Majorovits E, Barton B, Schultheiss K, Perez-Willard F, 
Gerthsen D, Schroder RR. Ultramicroscopy. 2007 107(2-
3):213-26. 
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Contrast Transfer Function (CTF) of a microscope
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Contrast Transfer Function (CTF) of 
the microscope

• ρim = ρobj⊗PSF (real space). PSF - Point Spread Function
• CTF = F(PSF)
• ρim = ρobj⊗F-1(CTF) (real space). F-1(CTF) - Point Spread Function
• Iim = Iobj•H, where H = CTF • envelopes (reciprocal, or diffraction, or 

Fourier space)

•
Γ(ω) ≈ -¼Csω4 + ½Δzω2

• Astigmatism: 
Δz ⇒ ½ (Δzmax + Δzmin +2(Δzmax-Δzmin)cos(2 γ));
γ - angle from x-axis to major axis of astigmatism

• CTF is largely restorable except for places where it is close to zero

))(cos())(sin()1()( 2 ωωω Γ•+Γ•−= aaCTF
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Convolution
Convolution is a function describing distribution of one function by 
the other. It is defined as:

,

Or:
FT(J) = FT(G)*FT(H), where FT is Fourier transform

)x(h)x(gdx)xt(h)x(g)t(g ∗=−= ∫



Convolution of two functions

Point spread function and convolution
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• CM 300 EM (FEI, 300 keV) image spectrum. 
500 nm defocus. 



• Envelopes (envelope functions): 
– HT instability, 
– Lens current instability, 
– Spatial and temporal (energy spread) coherence 

of the primary beam. 
– Electromagnetic stray fields. 
– Vibrations.

• They all cause signal falloff at high resolution, 
some of them are defocus-dependent. These are 
destructive defects

Contrast Transfer Function (CTF) of a microscope
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Drift



CTF correction; Wiener filtering

• Iim = Iobj•H, where H = CTF • envelopes

• , where H ≠ 0 (no noise) or, better:

, where N is noise, and S is signal

– If signal is strong, then Irestored = Iim/H; but
– If signal is weak then Irestored ≈ 0
– The latter formula is called “Wiener filter”, an optimal 

filter
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CTFFIND, 
frame alignment
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Crystalline ice present

Heavy contamination
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